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1 UNIFIED KERNEL EQUATION
We derive the Jacobi update step for the inverse and forward Poisson’s equations using the central difference

scheme. As a reminder, the central difference scheme for ∇2
in 3𝐷 and for the matrix form of the linear system is

∇2𝑋 =
𝑋𝑙 + 𝑋𝑟 + 𝑋𝑑 + 𝑋𝑢 + 𝑋𝑏 + 𝑋𝑓 − 6𝑋𝑐

(Δ𝑥)2 , (1)

where 𝑐 is center, 𝑙 is left, 𝑟 is right, 𝑑 is down, 𝑢 is up, 𝑏 is back, and 𝑓 is front, and Δ𝑥 is the unit size in the

discrete space. We use directional indices instead of (𝑖, 𝑗, 𝑘) to avoid clutter in our derivations. Also note that

this equation does not include time, but we will include time in our derivations for diffusivity (forward Poisson)

because we are interested in the temporal change of state of the diffuse quantity, whereas we do not include time

for pressure (inverse Poisson) because we are only interested in the spatial relationship between the divergence

of the field and the corresponding pressure at a specific time.

1.1 Heat Diffusion (Forward Poisson)
We derive the discrete update equation for diffusivity. We only discuss the heat equation, but the same equation is

used for density diffusion and viscosity as well. The only difference is that we need to apply the viscosity update

step for all 3 dimensions separately as we are dealing with a vector field (as opposed to scalar fields for density

and temperature).

The transient heat equation is

𝜕𝑇

𝜕𝑡
= 𝜅

[
𝜕2𝑇

𝜕𝑥2
+ 𝜕2𝑇

𝜕𝑦2
+ 𝜕2𝑇

𝜕𝑧2

]
, (2)
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where 𝜅 is the thermal diffusivity. Equation (2) is a second order partial differential equation, which means ∇2

will show up in our equation,

𝜕𝑇

𝜕𝑡
= 𝜅∇2𝑇 . (3)

The general form of the central difference scheme without considering time is

𝑇𝑛+1 = 𝑇𝑛 + 𝜅∇2𝑇𝑛 . (4)

We expand ∇2
and include time to solve for the update step. We arrive at an explicit transient 3D heat conduction

formulation by discretizing Equation (2). This gives

𝑇𝑛+1
𝑐 −𝑇𝑛

𝑐

Δ𝑡
= 𝜅

[
𝑇𝑛
𝑙
− 2𝑇𝑛

𝑐 +𝑇𝑛
𝑟

(Δ𝑥)2 +
𝑇𝑛
𝑑
− 2𝑇𝑛

𝑐 +𝑇𝑛
𝑢

(Δ𝑦)2 +
𝑇𝑛
𝑏
− 2𝑇𝑛

𝑐 +𝑇𝑛
𝑓

(Δ𝑧)2

]
, (5)

assuming Δ𝑥 = Δ𝑦 = Δ𝑧. We solve for 𝑇𝑛+1
𝑐 , leading to

𝑇𝑛+1
𝑐 = 𝑇𝑛

𝑐 + 𝜅Δ𝑡

(Δ𝑥)2
[
𝑇𝑛
𝑙
+𝑇𝑛

𝑟 +𝑇𝑛
𝑑
+𝑇𝑛

𝑢 +𝑇𝑛
𝑏
+𝑇𝑛

𝑓
− 6𝑇𝑛

𝑐

]
. (6)

We are, however, more interested in the implicit derivation in order to improve stability, such that

𝑇𝑛+1
𝑐 = 𝑇𝑛

𝑐 + 𝜅Δ𝑡

(Δ𝑥)2
[
𝑇𝑛+1
𝑙

+𝑇𝑛+1
𝑟 +𝑇𝑛+1

𝑑
+𝑇𝑛+1

𝑢 +𝑇𝑛+1
𝑏

+𝑇𝑛+1
𝑓

− 6𝑇𝑛+1
𝑐

]
. (7)

Note the replacement of 𝑛 with 𝑛 + 1. If
𝜅Δ𝑡
(Δ𝑥)2 = 𝛾 , rewriting for 𝑇𝑛+1

𝑐 gives

𝑇𝑛+1
𝑐 =

[
1

1 + 6𝛾

]
𝑇𝑛
𝑐 +

[
𝛾

1 + 6𝛾

] [
𝑇𝑛+1
𝑙

+𝑇𝑛+1
𝑟 +𝑇𝑛+1

𝑑
+𝑇𝑛+1

𝑢 +𝑇𝑛+1
𝑏

+𝑇𝑛+1
𝑓

]
. (8)

Refactoring, we get

𝑇𝑛+1
𝑐 =

[
𝛾

1 + 6𝛾

] [
𝑇𝑛
𝑐

𝛾
+𝑇𝑛+1

𝑙
+𝑇𝑛+1

𝑟 +𝑇𝑛+1
𝑑

+𝑇𝑛+1
𝑢 +𝑇𝑛+1

𝑏
+𝑇𝑛+1

𝑓

]
, (9)

and rewriting
𝛾

1+6𝛾 as
1

1

𝛾
+6 we obtain a simplified equation

𝑇𝑛+1
𝑐 =

1

𝛾
𝑇𝑛
𝑐 +𝑇𝑛+1

𝑙
+𝑇𝑛+1

𝑟 +𝑇𝑛+1
𝑑

+𝑇𝑛+1
𝑢 +𝑇𝑛+1

𝑏
+𝑇𝑛+1

𝑓

1

𝛾
+ 6

. (10)

By replacing
1

𝛾
= 𝛼 and

1

𝛾
+ 6 = 𝛽 , we obtain an equation similar in structure to the unified equation mentioned

in our paper

𝑇𝑛+1
𝑐 =

𝑇𝑛+1
𝑙

+𝑇𝑛+1
𝑟 +𝑇𝑛+1

𝑑
+𝑇𝑛+1

𝑢 +𝑇𝑛+1
𝑏

+𝑇𝑛+1
𝑓

+ 𝛼𝑇𝑛
𝑐

𝛽
, (11)

where 𝛼 =
(Δ𝑥)2
𝜅Δ𝑡 and 𝛽 = 𝛼 +6. Diffusion equation is the same for the transient heat conductivity, density diffusion

and viscosity. For the 2𝐷 version it is the same equation except 𝛽 = 𝛼 + 4 and there is no 𝑇𝑛+1
𝑏

+𝑇𝑛+1
𝑓

.

2



Supplementary Material SIGGRAPH ’22 Conference Proceedings, August 7–11, 2022, Vancouver, BC, Canada

1.2 Poisson-Pressure (Inverse Poisson)
Incompressible fluids must respect the divergence free condition

∇ · 𝑢 = 0 , (12)

where ∇· is the divergence operator and 𝑢 is the flow field. Given the Helmholtz-Hodge decomposition of a

divergent fluid field,

𝑤 = 𝑢 + ∇𝑝 , (13)

with𝑤 being the divergent field, and applying the divergence operator to both sides and re-arranging, we obtain

∇ ·𝑤 = ∇ · (𝑢 + ∇𝑝) = ∇ · 𝑢 + ∇2𝑝 . (14)

Enforcing ∇ · 𝑢 = 0 results in

∇2 · 𝑝 = ∇ ·𝑤 . (15)

Since this is a steady equation, we use Equation (1) to get the central difference scheme for the matrix form

𝑑 = ∇ ·𝑊 =
𝑃𝑙 + 𝑃𝑟 + 𝑃𝑑 + 𝑃𝑢 + 𝑃𝑏 + 𝑃𝑓 − 6𝑃𝑐

(Δ𝑥)2 , (16)

where 𝑑 is scalar divergence value. As divergence is given and we are interested in finding the pressure at the

current position 𝑃𝑐 , we solve for the unknown 𝑃𝑐 , giving

𝑃𝑐 =
𝑃𝑙 + 𝑃𝑟 + 𝑃𝑑 + 𝑃𝑢 + 𝑃𝑏 + 𝑃𝑓 − (Δ𝑥)2 𝑑

6

. (17)

Much like Equation (11), this equation is also similar in structure to the unified equation mentioned in our paper.

Note that we avoided an explicit inversion of ∇2
in the inverse version. For the 2𝐷 case it will be the same

equation except 𝛽 = 4 and there is no 𝑃𝑏 + 𝑃𝑓 .

Finally, we write our unified update equation for both forward and inverse Laplacian

𝑋𝑛+1 =
𝑋𝑛
𝑙
+ 𝑋𝑛

𝑟 + 𝑋𝑛
𝑑
+ 𝑋𝑛

𝑢 + 𝑋𝑛
𝑏
+ 𝑋𝑛

𝑓
+ 𝛼𝐵

𝛽
, (18)

with 𝛼 and 𝛽 values being

• Pressure (inverse): 𝛼 = −(Δ𝑥)2, 𝛽 = 6

• Diffusion (forward): 𝛼 =
(Δ𝑥)2
𝜅Δ𝑡 and 𝛽 = 𝛼 + 6,

and where 𝐵 is the central thermal or the divergence term depending on the application.

2 COMPATIBILITY CONDITION
Consider a Poisson equation with Neumann boundary condition over a domain Ω with boundary 𝜕Ω,

∇2𝜑 = 𝑓 in Ω , (19)

∇𝜑 · n = 0 on 𝜕Ω , (20)

where n is the outward pointing boundary normal vector of 𝜕Ω. Then by integrating each side over Ω, we get∫
· · ·

∫
Ω︸     ︷︷     ︸

𝑑

∇2𝜑 dx =

∫
· · ·

∫
Ω︸     ︷︷     ︸

𝑑

𝑓 dx , (21)

3



SIGGRAPH ’22 Conference Proceedings, August 7–11, 2022, Vancouver, BC, Canada Rabbani, et al.

0 20 40 60 80

0

20

40

60

80

Dirichlet: A - Cond. Number 41.45

0 20 40 60 80

0

20

40

60

80

Dirichlet: A Inverse

0 20 40 60 80

0

20

40

60

80

Dirichlet: iPoisson

0 20 40 60 80

0

20

40

60

80

Neumann: A - Cond. Number 1804.96

0 20 40 60 80

0

20

40

60

80

Neumann: A Inverse

0 20 40 60 80

0

20

40

60

80

Neumann: iPoisson

1 0 1 2 3 4 5 6 7 0.1 0.2 0.3 0.4 0.5 0.0 0.2 0.4 0.6 0.8 1.0

1 0 1 2 3 4 1.0 1.5 2.0 2.5 3.0 3.5 4.0 0.0 0.2 0.4 0.6 0.8 1.0 1.2

Fig. 1. Incomplete Poisson preconditioner of (Top) Dirichlet and (Bottom) Neumann Laplacian matrix with last element
fixed to zero. On the Left we have the Laplacian matrix, center it’s inverse and right the incomplete Poisson preconditioner.
As we can see, this preconditioner is quite badly adapted to pure Neumann boundary.

where 𝑑 ∈ {2, 3} is the dimension of the problem. Then, observing that ∇2𝜑 = ∇ · (∇𝜑), using Stokes theorem
and the boundary condition, we get that the source term 𝑓 must satisfy∫

· · ·
∫
Ω︸     ︷︷     ︸

𝑑

𝑓 dx =

∫
· · ·

∫
Ω︸     ︷︷     ︸

𝑑

∇2𝜑 dx =

∫
· · ·

∫
𝜕Ω︸      ︷︷      ︸

𝑑−1

∇𝜑 · n dx = 0 . (22)

In layman’s terms, 𝑓 should integrate to 0 over the domain for this problem to be well defined.

3 PRECONDITIONED CONJUGATE GRADIENT (PCG)
When solving the Neumann Poisson problem, the resulting linear system is singular by construction. Since PCG

works directly with this matrix to compute its preconditioner, we need to ensure that this is not the case by fixing

a value on the boundary. This can be achieved by adding a value, say 1, to one of the diagonal entries. This has

the effect of setting the value associated to this row to 0. While this makes the system non-singular, it is still

poorly conditioned and only becomes worse with higher resolutions. To ensure fairness, we choose to compare

against the incomplete Poisson preconditioner [Ament et al. 2010; Sideris et al. 2011], as it is the only one – that

we know of – which can easily be used in a GPU compute shader with minimal overhead since we are interested

in real-time applications. We found a large decrease in efficiency for PCG when using this preconditioner when

using Neumann boundary conditions. After further investigation, we found out that this preconditioner is a poor

match for true inverse matrix, which restricts its utility in spite of its GPU-friendliness (see Figure 1). This is

unsurprising, as optimal preconditioners for Neumann problems are difficult to obtain [Lee and Min 2021].
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